Starting from a theory of fermions moving in a fixed gauge and gravitational background we implement the scale invariance of the theory. Upon quantization the theory is anomalous but the anomaly can be cancelled by the addition of another term to the action. This term comes out to be basically the Chamseddine Connes spectral action introduced in the context of noncommutative geometry. An alternative realization of the dilaton may involve a collective scalar mode of all fermions accumulated in a scale-noninvariant dilaton action. The entire spectral action describes gauge and Higgs fields coupled with gravity. Here this action is coupled with a dilaton and we discuss how it relates to the transition from the radiation to the electroweak broken phase via condensation of Higgs fields.
Introduction
The aim of this note is to show how, starting from a theory of fermions coupled to a gauge and gravitational background, it is possible to have the full bosonic action emerged. We do this using the spectral properties of the (generalized) Dirac operator, and in this respect this work can be seen in the framework of Connes and collaborators approach to the standard model [1, 2, 3, 4] , as well as of Sakharov induced gravity [5] (for a modern review see [6] ). Our starting point is a theory of fermions moving in a fixed background of gauge and scalar fields and a curved (Euclidean) spacetime. We focus on the scale invariance of the theory at the classical level. To quantize it we employ the spectral regularization, based on the cutoff of the eigenvalues of the Dirac operator. The regularization however is not preserved at the quantum level, and a scale anomaly is developed. There are two alternative ways to deal with quantum anomalies in local transformations [7] . On one hand the scale invariance can be restored by changing the measure in the path integral. This is tantamount to the addition to the fermionic action of another contribution, which renders the bosonic background interacting to the dilaton field. An alternative realization of the dilaton may involve a collective scalar mode of all fermions accumulated in a scale-noninvariant dilaton action. Accordingly the spectral action arises as a part of the fermion effective action divided into the scale non-invariant and scale invariant parts. It turns out that in both cases the resulting action is a modification of Chamseddine-Connes spectral action but with opposite signs. The latter is a purely spectral function of the gauged Dirac operator (and of a cutoff) which describes a gauge theory coupled with gravity, and in the presence of the Higgs mechanism.
The invariance by (local) scale transformation introduces in the theory another field whereas the collective dilaton mode of fermions appears after their partial bosonization as a consequence of scale non-invariance. The dilaton effective potential has been calculated by us and in the last section we discuss how it relates to the transition from the radiation phase with zero v.e.v. of Higgs fields and massless particles to the electroweak broken phase via condensation of Higgs fields. It is proven that only the second way to interpret the spectral action with collective field of dilaton can provide the above mentioned phase transition with EW symmetry breaking during Universe evolution.
The first six Sections of these proceedings will mostly follow reference [8] , although with a somewhat different point of view. The material in Sec.7 has not been previously published.
Fermions in a Fixed Background
Our starting point is a theory in which we have some matter fields, represented by fermions transforming under some (reducible) representation a gauge group, such as the standard model group SU (3) × SU (2) × U (1). We need not specify the group for the moment. The fermions will be spinors belonging to some Hilbert space H which we assume to be "chiral", i.e. split into a left and a right:
A generic matter field will therefore be a spinor
and in this representation the chirality operator, which we call γ is a two by two diagonal matrix with plus and minus one eigenvalues. The two components are spinors themselves and we are not indicating the gauge indices, nor the flavor indices. We will assume that the fermions come in a number of identical (apart from the mass) generations. The fermions are given a dynamics coupling them to a background field. This coupling is performed by a classical action which we schematically write as
where
is an operator on H which will call always the Dirac operator, although the formalism we are building is more general and there may be "Dirac operators" which do not resemble at all the one introduced for the Dirac equation. The Dirac operator, acting of spinors is again a matrix and we have split into a "free and gravitational" part and a "gauge coupling" part. We will see in a moment the reason for this (rather inaccurate) terminology.
We start from
Where M contains all masses (and mixings) of the fermions and the γ are those relative to a possibly curved spacetime. In this case the fermions are coupled to the gravitational fixed background given by the metric
The matrix A represents instead a fixed gauge background, and the interaction of the spinors with it. We emphasize that at this stage we are just describing the classical dynamics of fermions in a fixed background. We are deliberately vague as to the detail of the model at this stage, not discussing important elements of the theory, like chirality or charge conjugation. The scheme presented here is largely independent on the details of the model. In particular it applies to the standard model, especially in the approach based on noncommutative geometry introduced by Connes and briefly discussed below.
Fields, Hilbert Spaces, Dirac Operators and the (Non)commutative Geometry of Spacetime
We have introduced a (Euclidean) spacetime. And therefore implicitly the algebra A of complex valued continuous functions of this space time. There is in fact a one-to one correspondence between (topological Hausdorff) spaces and commutative C * -algebras, i.e. associative normed algebras with an involution and a norm satisfying certain properties. This is the content of the Gelfand-Naimark theorem [9, 10] , which describes the topology of space in terms of the algebras. In physicists terms we may say the properties of a space are encoded in the continuous fields defined on them. This concept, and its generalization to noncommutative algebras is one of the starting points of Connes noncommutative geometry programme [1] . The programme aims at the transcription of the usual concepts of differential geometry in algebraic terms and a key role of this programme is played by a spectral triple, which is composed by an algebra acting as operators on a Hilbert space and a (generalized) Dirac operator. In our case we have these ingredients, but we have to consider instead of the algebra of continuous complex valued function, matrix valued functions. The underlying space in this case is still the ordinary spacetime, technically the algebra is "Morita equivalent" to the commutative algebra, but the formalism is built in a general way so to be easily generalizable to the truly noncommutative case, when the underlying space may not be an ordinary geometry.
The spectral triple contains the information on the geometry of spacetime. The algebra as we said is dual to the topology, and the Dirac operator enables the translation of the metric and differential structure of spaces in an algebraic form. There is no room in these proceedings to describe this programme, and we refer to the literature for details [1, 11, 10, 12] .
Within this general programme a key role is played by Connes' approach to the standard model. This is the attempt to understand which kind of (noncommutative) geometry gives rise to the standard model of elementary particles coupled with gravity. The roots of this approach is to have the Higgs appear naturally as the "vector" boson of the internal noncommutative degrees of freedom [13, 14, 2] . The most complete formulation of this approach is given by the spectral action, which in its most recent form is presented in [4] .
The fermionic part of this action is (2.3), while the bosonic part is basically the regularized sum of the eigenvalues of the Dirac operator. We will see how this action can fe inferred (with some little modifications) from the fermionic action S F and the need to preserve scale invariance.
Scale invariance of the Fermionic Action
So far we are in the presence of a classical theory of matter fields moving in a fixed background. The objects involved in the writing of the action have physical dimensions. Introduce a scale necessary for measurements, for example an unit of length ℓ, then it is possible to measure volumes as ℓ −4 , masses 1 and the Dirac operator in general as ℓ −1 and so on.
The classical action is invariant under a change of this scale, after all is amounts to just a change of units of measurement. Recall that we have not yet introducedh. In principle this change of scale could also be local, and this would be H. Weyl original "gauge" theory. We therefore have a scale transformation symmetry:
where φ is a real parameter which for the moment we take to be constant. Note that since the rescaling involves also the matrix part of D, we must also rescale the masses of the fermions. In the absence of a dimensional scale, is an exact symmetry of the classical theory.
We now proceed to quantize the theory. It can be proven [15] that if the classical theory is invariant, the measure in the quantum path integral is not. We have an anomaly: a classical theory is invariant against a symmetry transformation, but the quantum theory, due to unavoidable regularization, does not possess this symmetry anymore. If also the quantum theory is required to be symmetric then the symmetry can be restored by the addition of extra terms in the action. A textbook introduction to anomalies can be found in [15] . The notion of scale anomaly is attached to the dilatation of both coordinates, fields and mass-like parameters according to their dimensionalities, Eq. (4.1). Evidently, in the absence of UV divergences, there is no scale anomaly which therefore can be correlated to rescaling of a cutoff in the theory. In the case when the dilatation is not constant, φ becomes a quantum field called the dilaton. The dilaton of this kind has been investigated in the context of the spectral action in [16] .
We remark that there is also an alternative realization of the dilaton as a collective scalar mode of all fermions accumulated in a scale-noninvariant dilaton action. The corresponding spectral action has an opposite sign and will be discussed later on.
In both approaches we start from the partition function
where a normalization scale µ is introduced and the last equality is formal because the expression is divergent and needs regularizing. The writing of the fermionic action in this form (as a Pfaffian) is instrumental in the solution of the fermion doubling problem in Connes approach to the standard model [17, 18, 4] . In fact we need in principle two regulators:
• µ which may be treated as an infrared cutoff when having a discrete spectrum;
• an ultraviolet cutoff Λ in order to tame the short distance infinities.
We will regularize the theory in the ultraviolet using a procedure introduced by one of us, Bonora and Gamboa-Saravi in [19, 20, 21] but leaving a room for a normalization scale µ. The energy cutoff is enforced by considering only the first N eigenvalues of D. Consider the projector
where λ n are the eigenvalues of D in increasing order (repeated according to possible multiplicities), |λ n a corresponding orthonormal basis, and the integer N is a function of the cutoff. This means that we are effectively using the N th eigenvalue as cutoff. Therefore this number and the corresponding spectral density depends on coefficient functions of the Dirac operator, N = N(D).
In the framework of noncommutative geometry this is the most natural cutoff procedure, although it was introduced before the introduction of the standard model in noncommutative geometry. It makes no reference in principle to the underlying structure of spacetime, and it is based purely on spectral data, thus is perfectly adequate to Connes' programme. This form of regularization could be also used for field theory which cannot be described on an ordinary spacetime, as long as there is a Dirac operator, or generically a wave operator, with a discrete spectrum.
We define the regularized partition function 2
In this way we can define the fermionic action in an intrinsic way. The regularized partition function Z Λ has a well defined meaning. Expressing ψ andψ as
with a n and b n anticommuting (Grassman) quantities. Then Z Λ becomes (performing the integration over Grassman variables for the last step)
where we defined
In the basis in which D/Λ is diagonal it corresponds to set to Λ all eigenvalues larger than Λ. Note that D N is dimensionless and depends on Λ both explicitly and intrinsically via the dependence of N and P N . It is possible to give an explicit functional expression to the projector in terms of the cutoff:
where Θ is the Heaviside step function. This integral is well defined for a compactified space volume and therefore in the presence of the infrared cutoff which can be identified with µ. Actually N depends also on the infrared cutoff, and the number of dimensions. It goes as ∼
Cancellation of the Anomaly and the Bosonic Action
Let's perform the first scenario and restore scale invariance. The action S F is invariant under (4.1) but the partition function is not, the reason for this is the fact that the regularization procedure is not scale invariant. The cancellation of the anomaly then proceeds via a change of measure, which is equivalent to the addition of another term to the action. This term compensates the change in the measure due to the regularization, but being in an exponential form, can also be seen as another addition to the action, so that the final partition function is invariant. This calculation has been performed in [22] in the QCD context, and applied to gravity in [23] .
Let us see in a very heuristic way, with φ constant, why the effective action S eff is nothing but the spectral action with the function χ being a sharp cutoff. In this case N is just a number of eigenvalues smaller that Λ, and thereby
It can be written in the latter form provided that we take into account the functional dependence N = N(Λ, D). It is worth recalling again that the integer N depends on the cutoff Λ, on the Dirac operator D and also on the function χ which we have chosen to be a sharp cutoff. Then the compensating term -the effective action, will be defined by
where the effective action will be depending on N, and hence the cutoff Λ, and on φ . Define
Let us assign
and hence
We have the following relation that can easily proven
and therefore
The Spectral Action
For φ = 0 this is basically the Chamseddine-Connes Spectral Action introduced in [3] together with the fermionic action (2.3). More precisely the bosonic part of the spectral action is
where χ is a generic cutoff function, which in our case is a sharp cutoff at energy Λ,
consequence of the sharp cutoff on the eigenvalues used in (4.3). The bosonic spectral action so introduced is always finite by its nature, it is purely spectral and it depends on the cutoff Λ. In the original work of Chamseddine and Connes the bosonic and fermion parts of the action were treated differently. The fermionic action on the contrary is divergent, and will require renormalization. It is formulated as an usual integral. In the philosophy of noncommutative geometry usual integrals can be interpreted as a regularized trace, the Dixmier trace:
where the Dixmier trace of an operator O with eigenvalues o n (ordered in decreasing order, repeated in case of degeneracy) is:
The integral/Dixmier trace has however to be regularized. We have seen as the cancellation of the anomaly brings the two actions on the same footing, albeit with a modification of the bosonic part. It must be mentioned that already in [24] the two actions are "unified" in the bosonic action with the addition of the projection on the fermionic field to the covariant Dirac operator. This reproduces the full spectral action with some additional non linear terms for the fermions, which could have to do with fermionic masses.
To obtain the standard model take as algebra the product of the algebra of functions on spacetime times a finite dimensional matrix algebra
Likewise the Hilbert space is the product of fermions times a finite dimensional space which contains all matter degrees of freedom, and also the Dirac operator contains a continuous part and a discrete one
and the Dirac operator
In its most recent form due to Chamseddine, Connes and Marcolli [4] a crucial role is played by the mathematical requirements that the noncommutative algebra satisfies the requirements to be a manifold. Then the internal algebra, is almost uniquely derived to be
Then the bosonic spectral action can be evaluated at one loop using standard heath kernel techniques [25] and the final result gives the full action of the standard model coupled with gravity. We restrain from writing it since it takes more than one page in the original paper [4] . In the process however one does not need to input the mass of the Higgs, which comes out as a prediction. Its value comes out to be ∼ 170GeV. A small value experimentally disfavoured. It must be said however that the present form of the model needs unification of the three coupling constant at a single energy point (given by Λ). The model also contains nonstandard gravitational terms (quadratic in the curvature), which are currently being investigated for their cosmological consequences [26, 27] . Technically the canonical bosonic spectral action is a sum of residues, and can be expanded in a power series in terms of Λ −1 as
where the f n are the momenta of χ
the a n are the Seeley-de Witt coefficients which vanish for n odd. For D 2 of the form
tr is the trace over the inner indices of the finite algebra A F and in Ω and E are contained the gauge degrees of freedom including the gauge stress energy tensors and the Higgs, which is given by the inner fluctuations of D.
In our case for φ constant, after performing the integration we find
There are just some numerical corrections to the first two Seeley-de Witt coefficients due to the integration in tφ and a choice of normalization scale µ. We notice that the alternative way of treatment of the scale degree of freedom as a collective field leads to precisely the opposite sign of the dilaton action S anom → S coll = −S anom . Indeed the bosonization in scale variable can be represented as,
(cf. to (5.4) ) .
The Dilaton and the effective potential
The full analysis of the model coupled with a dynamical dilaton is under way and will be published elsewhere. Nevertheless it is already possible to say something on the interplay between the dilaton and the Higgs, and in particular the effective potential. This can be used to characterize cosmic evolution right after inflation starts. In particular, it may open the ways to describe the transition from the radiation phase with massless particles to the EW symmetry breaking phase with spontaneous mass generation due to condensation of Higgs fields.
Mass generation from Higgs-dilaton potential during cosmic evolution
We will consider in the following only the potential terms relative to the complex Higgs doublet H and the dilaton φ . The quadratic term of the Higgs potential comes from the a 2 term of (6.9), while the quartic one comes from the a 4 one. In this way we can derive the form effective Higgsdilaton potential. To focus on this goal we reduce the joint effective Higgs-dilaton (HD) potential including only the real scalar component H of the Higgs doublet (H 1 , H 2 ) → (0, H) subject to condensation. After performing renormalization the general form of the HD potential is expected to be,
where depending on the normalization scale µ of fermion effective action compared with the cutoff Λ one can get any sign of the coefficients A(Λ, µ), B(Λ, µ) ≷ 0. Evidently the constant φ 0 can be eliminated by shifting the field φ → φ − φ 0 and rescaling the constants A, B. Thus in general both signs and modules of these constants A, B don't have any a priori values. As to the constant C, if the dilaton serves for restoration of conformal symmetry as an independent field then the conformal anomaly coefficient C < 0 (see [8] ). On the other hand, a composite dilaton made of fermions [22] has an anomalous part of the potential of the opposite sign with C > 0. Therefore the sign of C characterizes the nature of the dilaton field: elementary or composite one. In this Section we are interested in evolution of fields φ , H and correspondingly neglect the additional cosmological constant V 0 . Thus for our purpose the potential has four arbitrary parameters A, B,C, E and φ 0 = 0. We would like to apply the HD potential for description of cosmic evolution and select out of the acceptable signs and modules of the coefficients which can provide the evolution from a symmetric phase to the EW symmetry breaking phase with spontaneous mass generation due to condensation of Higgs fields. Thus one has to inquire about whether the HD potential has local minimums and what are the restrictions on the arbitrary coefficients which provide the existence of such minimums.
Accordingly we are going to investigate all possible critical points 3 of this potential depending on the values of its coefficients. Without loss of generality one can impose C > 0. For the opposite sign of C the set of critical points can be found by reflection V → −V . One can see, that V has no any critical points at H = 0. Let us perform the coordinate transformation to the variable η,
Such a transformation is non-degenerate at H = 0 and preserves all the information about extremal properties of our potential.
In the new variables the potential takes the form,
Critical point coordinates obey the following equations,
(7.5) with the additional requirement η > 0 . From the equation (7.4) we immediately find,
It is known (for a quick introduction see e.g. [28] ), that the equation of a type ax + b = p cx+d a, c = 0, can be exactly solved in terms of the Lambert W (z) function [29] . By definition, it is a solution of the equation,
The function We W is not injective and W is multivalued (except for 0). If we look for real-valued W then the relation (7.7) is defined only for x ≥ 1/e, and is double-valued on (−1/e, 0). Let us introduce the notation W 0 (x) for the upper branch. It is defined at −1/e ≤ x < ∞ and it is monotonously increasing from -1 to +∞. The lower branch is usually denoted W −1 (x). It is defined only on −1/e ≤ x < 0 and it is monotonously decreasing from -1 to −∞.
In these terms the general solution of (7.5) is given by,
Since we have two values of η and the real W is double-valued, then the maximal number of critical points is four. However η must be positive and real, and φ must be real. From these requirements one obtains the restrictions on the coefficients, which provide an existence of each critical point. We shall denote our critical points as (m, n). Here the first index m marks the sign ± and corresponds to the type of a chosen η from (7.6). Index n ranges over −1, 0 and corresponds to the chosen branch of W function. We specify a type of each critical point with the help of the Hessian matrix eigenvalues and find the following results for the acceptable composition of coefficient signs.
We seek for combinations of signs of the coefficients A, B,C, E which provide a minimum triggering the spontaneous EW symmetry breaking at a final stage of cosmic evolution. There are 11 combinations of signs which are forbidden as they don't provide the existence of a local minimum.
Only five combinations of signs can support the required minimum.
Transition from symmetric phase to Electroweak symmetry breaking phase and choice of signs
Now let's examine the possibility of scenario when at the first stage of the Universe evolution one deals with a massless world with the vanishing v.e.v. of the Higgs field H in = 0 (symmetric phase). Thus we adopt that every initial point (φ in , H in = 0) for starting evolution is acceptable if the function V | φ =φ in (H) has a local minimum at H = 0 and if we can roll down from the initial point to the final one which is a local minimum corresponding to the Higgs phase. We have listed five combinations of signs of the parameters A, B, C, E which provide the existence of the local minimum . Nevertheless not all of these combinations support the above transition scenario. Indeed one can prove that this scenario can be realized only for positive A, B,C and negative E. The requirement for φ to be real leads to, E min < E < 0, E min ≡ −Cη f in exp −1 + B η f in C (7.11)
The additional bounds exist on the coefficients, Be 2φ in + E > 0, (7.12) to guarantee that the initial point is in the symmetric phase. Evidently the phase transition point during evolution appears for φ crit = (1/2) ln(−E/B) < φ in . It can be shown that φ f in < φ crit < 0 and therefore B + E > 0. We remark that the latter inequality entails |E min | > |E| . We summarize our finding in Fig. 1 .
Conclusions
The main conclusions of this paper are:
• The bosonic spectral action can be provided by restoration of scale invariance in the fermion world or
• the bosonic spectral action can emerge from scale non-invariance of fermion world in terms of composite dilation; the two effective potentials differ in sign;
• the requirement to trigger EW breaking phase transition during evolution to the Higgs potential minimum gives a favor to the composite nature of dilaton.
